Abstract. The method of Zero Extension Lines (ZEL) has been used to evaluate the static and seismic active lateral earth pressure on an inclined wall retaining c back ll. The equilibrium equations along the zero extension lines have been solved using the nite di erence method. A computer code is prepared to analyze the retaining wall, calculate the ZEL network and the distribution of the active lateral earth pressure behind the retaining wall. The total active force on the retaining wall was de ned as the lateral earth pressure coe cients due to the soil unit weight, the surcharge, and the soil cohesion. The variations of the active lateral earth pressure coe cients with changes in di erent parameters, such as the inclination of the earth and wall, the friction angle of the soil, the adhesion of the soil-wall interface, the horizontal and vertical pseudo-static earthquake coe cients, have been obtained. The results have been obtained for soils with associated and non-associated ow rules. The e ect of the dilation angle has also been considered. The results obtained in this study are very close to those of other methods and con rm that the ZEL method can be successfully used to evaluate the lateral earth pressure of retaining walls.
Introduction
Many di erent methods are provided to evaluate the active lateral earth pressure on the retaining wall. Rankin and Coulomb are the common methods. Stress characteristics [1, 2] or slip lines method, limit analysis method [3, 4] , Rankine's conjugate stress concept [5] , and slice analysis method [6] are also used to evaluate the lateral earth pressure. Zero Extension Lines (ZEL) method is one of the methods that is capable of analyzing the stability of retaining walls under general conditions in static and seismic conditions. This method was rst used by Roscoe [7] to solve static and dynamic problems of retaining walls. In 1971, James and Bransby [8] used ZEL method to predict the strain patterns behind retaining walls. Habibagahi and Ghahramani [9] presented an earth pressure theory based on the simple ZEL eld to predict stress patterns in the back ll behind a vertical wall. Anvar and Ghahramani [10] derived the equilibrium equations along the ZEL and presented the application of ZEL method. Jahanandish [11] developed a theory regarding the ZEL method and derived the equilibrium equations along zero extension lines for axial symmetry. Furthermore, ZEL method has also been used to study the stability of slopes [12] , analyze three-dimensional stability of soils [13] , predict the behavior of dense frictional soils [14] , and evaluate bearing capacity of soils and foundations and dynamic lateral pressure of retaining structures [15] [16] [17] . Veiskarami et al. [18] [19] [20] used this method to predict the bearing capacity of foundations and load-displacement behavior of shallow foundations considering the stress level e ect.
Many available methods evaluate lateral earth pressure on the retaining walls by using the assumption of the associated ow rule, although`Real' soils have a non-associated ow rule and the dilation angle is smaller than the friction angle [21] . One of the advantages of ZEL method is that in this method, soil can be associative or non-associative. Therefore, by using the ZEL method, the e ect of the dilation angle can be evaluated. Lee and Herington [22] evaluated the passive earth pressures for non-associated ow rules by a theoretical study. Shiau and Smith [23] studied, numerically, the e ect of non-associated ow rule on the passive earth pressure. Benmeddour et al. [21] provided passive and active lateral earth pressure coe cients due to the soil unit weight for the soil with dilation angle equal to zero. They studied the in uence of non-associativity by a numerical method and modifying values of the soil friction angle and cohesion.
Moreover, ZEL method does not have the limitation of assuming the shape of the rupture surface. By using this method, the failure zone is determined after analyzing the retaining wall. ZEL method analyzes geotechnical problems in the strain eld. When the soil is assumed as associative soil, i.e. the friction angle of the soil is equal to its dilation angle, ZEL method is similar to the stress characteristics or slip lines method.
The ZEL method has been used in this paper to evaluate the seismic stability of retaining walls for nonassociated and associated ow rules and propose the lateral earth pressure coe cients. Although Habibagahi and Ghahramani [9] developed the ZEL for static lateral earth pressure, they used the simple ZEL led and developed the method for sands. This study develops the ZEL method for the active lateral earth pressure for c soils in seismic case. Consideration of the e ect of di erent parameters of the soil and retaining wall, especially the soil dilation angle, is one of the advantages of this study. Also, the lateral earth pressure coe cients due to the soil unit weight, surcharge, and soil cohesion have been provided for non-associative soil.
Theory
The geometry of the retaining wall in the active case has been shown in Figure 1(a) . The surcharge q is applied on the ground surface. The ground surface makes an angle with the horizontal direction and the wall angle with the vertical direction is . The height of the retaining wall is H. The positive directions of the and are shown in Figure 1 (a).
Assumptions
1. The back ll soil is considered as a c soil and follows the Mohr-Coulomb yield criterion, where c is the cohesion in kPa and is the internal friction angle in degree;
2. The unit weight of the soil mass is assumed equal to in kN/m 3 ; 3. The friction angle in the interface between soil and wall is considered as w in degree; 4. The adhesion of the soil-wall interface is assumed c w in kPa; 5. The principle of superposition is valid for static and seismic analyses; 6. The retaining wall problem is considered plane strain and two dimensional.
Boundary conditions
Analyzing the problem requires knowing the boundary conditions along the ground surface and the retaining wall. The boundary conditions are explained in the following sections. 2.2.1. Along the ground surface To calculate the coordinates (x; z) of the points on the ground surface, a length of L is considered on this boundary and it is divided into n divisions. According to Figure 1 (a), the coordinates of the point number i on the ground surface can be calculated as:
where is the ground angle with horizontal direction. As mentioned before, the vertical stress q is applied on the ground surface. So, the normal and shear stresses for the points on the ground are obtained as:
where k h and k v are horizontal and vertical pseudostatic earthquake coe cients.
The Mohr circle of stress on the ground can be shown in Figure 1 and (c) boundary condition along the retaining wall.
Along the retaining wall
Assuming the normal and shear stresses on the retaining wall, the Mohr circle of stress on this boundary is shown in Figure 1( By considering the soil shearing in a principal plane for plane strain problem, major and minor principal strain increments do not have the same concept. Therefore, two lines (AP and BP) in the soil element will have the linear strains equal to zero in their directions ( Figure 2 ). AP and BP are called the zero extension lines in minus direction (ZEL ) and plus direction (ZEL + ), respectively. Each point in the soil has four features, x, z, p, and . By solving the equations along the zero extension lines, these features can be determined. As illustrated in Figure 2 , the angle between zero extension lines is =2 v, where v is the dilation angle of the soil. The angle of zero extension lines with x axis is . Angle is de ned as follows:
Therefore, the slope of these lines is expressed as: Plus ZEL, PB :
Minus ZEL, PB :
The equilibrium equations along the plus and minus zero extension lines can be written as [10] : dp + 2(p tan + c)
= f x ( dx tan dz) + f z (tan dx + dz) ; (11) and along the plus ZEL: dp 2(p tan + c) 
If x, z, p, and of points A and B are known, these values of any point P can be found by writing Eqs. (9)- (12) in the nite di erence form:
The parameters in Eqs. (14)- (17) are de ned in the appendix. By using the trial-and-error procedure, a function is written in MATLAB to calculate the unknown parameters (x, z, p, and ) of point P . First, it is assumed that these parameters are equal to the parameters of points A and B on the minus and plus ZEL, respectively. Then, the new parameters of point P can be calculated using Eqs. (14)- (17) . This procedure is repeated until the di erence between the new and old parameters of point P is small enough.
ZEL networks
A computer code in MATLAB is provided to analyze the problem. The code starts the calculation from the ground surface. The calculation continues to determine the characteristics of the points on the retaining wall. Three di erent types of ZEL network can arise according to the magnitudes of 0 and f ( Figure 3 ).
Type 1, f = 0 : In this case, the ZEL network includes Rankin and mixed zones. First, the points in Rankin zone are solved by using the boundary conditions on the ground surface and equilibrium equations along the ZEL lines. Then, the network in the mixed zone is determined knowing the information on line OA 2 and the boundary conditions along the retaining wall.
Type 2, f > 0 : In this case, the ZEL network includes three zones: Rankin, Goursat, and mixed. 
Then, the Goursat zone is determined by using the information at the singularity point (point O in Figure 1 ) and line OA 1 . Finally, the mixed zone is obtained similar to Type 1 problem.
Type 3, f < 0 : In this case, the Goursat zone will be removed similar to Type 1 problem and the Rankin and mixed zone will be wrapped. So, a stress discontinuity happens in the stress eld and should be solved. Lee and Herington [22] provided an algorithm to solve the stress discontinuity. In this study, in order to solve the stress discontinuity, the Lee and Heringtion [22] method has been modi ed. An element of the soil has been considered on the discontinuity line (see Figure 4) . According to the Mohr circle, shown in Figure 4 , the direction of the discontinuity line can be calculated as:
where, ! is the direction of the discontinuity line and R and L are the angle related to the right and left sides of the discontinuity line, respectively.
Knowing the left side characteristics of the singularity point O (the values on the earth for the rst step) and from Eq. (19), the rst direction (! 0 ) is obtained and the intersection between the discontinuity line and the ZEL network is calculated. The p and values at the left side of the intersection point are calculated by linear interpolation. Knowing ! 0 , p, and values at the left side of the intersection point, the stress p and the angle at the right side of the intersection point are obtained. Then, the point on the wall is calculated using the equations along the ZEL lines.
For the next steps, a line with the angle ! p (! in the previous step) is drawn from the previous inter- section point. The segment of the ZEL network that encounters with the discontinuity line is determined. This segment is divided into n d parts. The information on these n d points is calculated with the interpolation. p and at the right side of these n d points are calculated. Then, the point of the mixed zone should be calculated (point C). The values of x, z, p and of this point can be obtained from Eqs. (14)- (17) . The distance between point C and line between the previous intersection point and the point on the wall (for the second step) or in the mixed zone (for the third and the following steps) is calculated. Within these n d points, the point that has the minimum distance from the line, is selected as the exact intersection point. Knowing the information in the right side of the intersection point, the points in the mixed zone and on the wall can be obtained by using the equations along the ZEL lines. This procedure is repeated until the ZEL network is calculated completely.
Results
As mentioned before, the characteristics of the ZEL network points have been determined by a computer code. The average stress on the wall boundary (p f ) has been speci ed and the f and f distribution along the retaining wall have been obtained. So, the active lateral earth force has been calculated by integrating stresses and can be de ned as [4] :
where k a , k aq , and k ac are the active lateral earth pressure coe cients due to the unit weight of the soil, surcharge, and soil cohesion, respectively. To calculate k aq , the unit weight and cohesion of the soil are considered zero. Also, the unit weight of the soil and surcharge are assumed zero to obtain k ac . In order to calculate k a , the cohesion of the soil and surcharge should be assumed as zero. By assuming this, the problem cannot be solved at the singularity point. Therefore, a small amount of the surcharge (q = 0:01 kPa) is assumed to calculate k a . Then, to increase accuracy and remove the surcharge e ect, k a is modi ed as:
where, k a is the exact value of the lateral earth pressure coe cient and k 0 a is the lateral earth pressure coe cient obtained from analyzing the retaining wall with q = 0:01 kPa.
The lateral earth pressure coe cients are obtained for the retaining wall in various conditions. Table 1 shows a comparison between the method used in this paper and results of other researchers for k a . Clearly, this study exactly has the same results as those of Chen and Liu [4] . Furthermore, this study has almost the same results as those of Habibagahi and Ghahramani [9] and the maximum error is 20%. The method of Habibagahi and Ghahramani [9] is based on the simple zero extension line eld that is applied to compute the direction of traction on the zero extension line in a loose sand. Overall, all methods provide the same k a values for the smooth retaining wall ( w = 0) and a low di erence is observed between ZEL method and other methods for the rough retaining wall. For the wall with w , the di erence between ZEL method and other methods increases as and w increase. The di erence between ZEL method and Coulomb theory, for = 40 and w = 20 , is more than other cases.
The seismic k a is shown in Figure 5 for the associated ow rule (v = ). The e ects of the horizontal and vertical pseudo-static coe cients have been evaluated. k a increases as k h increases. More values of k a has been obtained in presence of k v .
In addition, the analysis has been done for nonassociative soils to consider the e ect of dilation angle. k a has been shown and compared with the numerical method of Benmeddour et al. [21] in Table 2. The Table 2 . ka for the associated and non-associated ow rules and their comparison with the numerical method of Benmeddour et al. [21] . results showed that k a is lower for associative soils than that for the non-associative one. The maximum error between this study and the numerical method [21] is about 6% for the associated ow rule and 21% for the non-associated ow rule. The variations of k a are also shown in Figure Figure 9 ), respectively. The results showed that the dilation angle e ect on k a is low for = 30 and = 20 . It is obvious that for associated ow rule, k a decreases by increasing each of the soil friction angle, wall angle, and the ground slope parameters.
The dilation angle e ect on k aq has been considered, as shown in Tables 3 and 4 . k aq increases as the dilation angle increases. The ranges of increase in k aq in Table 3 1.39 percentages for soil friction angles equal to 40, 30, and 20 degrees, respectively. In Table 4 , the k aq increase ranges are 0.1-1.76, 0.13-1.61, and 0.15-1.65 percentages for soil friction angles equal to 40, 30, and 20 degrees, respectively. So, the dilation angle does not a ect k aq considerably. But, its e ect is clearer for the cases in which the wall angles are not equal to zero. Also, k ac has been calculated for various values of the dilation angle. The results have been shown in Tables 5 and 6 . Obviously, increasing the dilation angle leads to decrease in k ac . In the analysis for various values of , the maximum decreases in k ac are 0.92, 1.01 and 0.94 percentages and the minimum decreases are 0.3, 0.12 and 0.11 percentages for the soil friction angles equal to 20, 30, and 40 degrees, respectively. In the analysis for various values of , the maximum decreases of k ac are 0.92, 1.02 and 0.94 percentages and the minimum decreases are 0.13, 0.12 and 0.11 percentages for the soil friction angles equal to 20, 30, and 40 degrees, respectively. So, the strongest e ect of the dilation angle on k ac is 1.01 percentage.
For associated ow rule, the e ects of the soil friction angle, wall angle, and ground slope on k aq (see Tables 3 and 4 ) and k ac (see Tables 5 and 6 ) can also be derived. k aq increases by decreasing each of the soil friction angle, wall angle, and ground slope parameters. k ac increases by decreasing the soil friction angle or ground slope and increasing the wall angle.
The e ect of dilation on the dynamic lateral earth pressure coe cient, k a , has also been considered in Table 6 . The e ect of dilation angle on kac for di erent values of ground slope. is observed for k h equal to 0.2. In this case, the k a increase ranges from 0.26 to 0.94 percentages for the smooth wall and from 0.54 to 5.95 percentages for the rough wall. Also, the k aq increase changes from 0.09 to 2.38% for smooth wall, and from 0.14 to 2.6% for rough wall. The maximum increases of k a and k aq are observed for = 40 and k h = 0 by increasing the dilation angle from zero to 10 degrees. The results showed that this maximum increase of k a is 19.34% and 28.7% for the smooth and rough wall, respectively. Furthermore, this maximum increase of k aq is 6.57% and 9.72% for the smooth and rough wall, respectively. It is clear that the dilation angle a ects k a more than k aq and the lateral earth pressure coe cients for the rough wall are more than the lateral earth pressure coe cients for the smooth wall.
The dilation angle also a ects the failure zone of the retaining wall. Figures 14 and 15 show the e ect of the dilation angle on the failure surface for the smooth wall for = 40 and 30 , respectively. Also, Figures 16 and 17 have been prepared for the rough wall ( w = ). As shown, the extent of the failure zone decreases as the dilation angle increases. The dilation e ect is the strongest for soil with the internal friction angle equal to 40 degrees. In this case, the extent of failure zone (at the ground surface) decreases from 3 to 1.40 meters for smooth wall ( w = 0) and 
Conclusions
In order to evaluate the lateral earth pressure on the retaining walls, the static and seismic lateral earth pressure coe cients have been calculated using the method of zero extension lines. The results of the lateral earth pressure coe cients due to the soil unit weight, surcharge, and soil cohesion are presented for associated and non-associated ow rules. The lateral earth pressure coe cients were found to be compatible with other methods. A low di erence between ZEL method and other methods is observed and the di erence is equal to zero in many cases. The in uence of the di erent parameters on the lateral earth pressure coe cients has been explored.
For associative soils, k a and k aq decrease by increasing each of the soil friction angle, wall angle, and ground slope parameters, and k a decreases by increasing the soil-wall interface friction angle. Also, increasing the soil friction angle and ground slope and decreasing the wall angle decrease k ac . The seismic lateral earth pressure coe cient k a for associative soils increases as the horizontal and vertical pseudo-static coe cients increase.
For non-associative soils, the dilation angle a ects the lateral earth pressure coe cients, slightly. By increasing the dilation angle, k a increases for plus values of the wall angle and ground slope, and decreases for minus values of the wall angle and ground slope; k ac decreases and k aq increases. The dilation angle e ect on the failure zone of the retaining wall is such that the extent of the failure zone in active case decreases considerably as the dilation angle increases. The dilation angle e ects on k a , k aq , and the failure zone of the retaining wall for the rough wall are more than those for the smooth wall.
The parameters in Eqs. (14)- (17) 
